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Abstract
Flow visualizationhasbeena veryattractivecomponentof scienti�c visualizationresearch for a long time. Usu-
ally verylarge multivariatedatasetsrequire processing. Thesedatasetsoftenconsistof a large numberof sample
locationsandseveral timesteps.Thesteadilyincreasingperformanceof computers hasrecentlybecomea driv-
ing factor for a reemergencein �ow visualizationresearch, especiallyin texture-basedtechniques.In this paper,
dense, texture-based�ow visualizationtechniquesare discussed.This classof techniquesattemptsto provide a
complete, denserepresentationof the�ow �eld with high spatio-temporal coherency. An attemptof categorizing
closelyrelatedsolutionsis incorporatedandpresented.Fundamentalsareshortlyaddressedaswell asadvantages
anddisadvantagesof themethods.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3 [ComputerGraphics]:visualization,�o w visual-
ization,computational�o w visualization

1. Intr oduction

Flow visualization(FlowVis) is oneof theclassicsub�elds
of visualization,coveringarich varietyof applications,from
theautomotive industry, aerodynamics,turbomachineryde-
sign,to weathersimulation,meteorology, climatemodeling,
groundwater�o w, andmedicalvisualization.Consequently,
the spectrumof FlowVis solutionsis very rich, spanning
multiple technicalchallenges:2D vs.3D solutionsandtech-
niquesfor steadyor time-dependentdata.

Bringingmany of thosesolutionsin linearorder(asneces-
saryfor a text like this) is neithereasynor intuitive. Several
optionsof subdividing this broad�eld of literaturearepos-
sible. Hesselinket al., for example,addressedtheproblem
of how to categorize techniquesin their 1994overview of
researchissues24 andconsiderdimensionalityasameansto
classifythe literature. In the following, several aspectsare
discussedon anabstractlevel beforeliteratureis addressed
directly.

1.1. Classi�cation

Accordingto thedifferentneedsof theusers,therearedif-
ferentapproachesto �o w visualization(cf. Figure1):

� Direct �ow visualization: This category of techniques
usesa translationthat is asdirect as possiblefor repre-
senting�o w datain theresultingvisualization.Theresult
is anoverall pictureof the�o w. Commonapproachesare
drawing arrows (Figure2, left) or color codingvelocity.
Intuitive picturescanbe provided, especiallyin the case
of two dimensions.Solutionsof this kind allow immedi-
ateinvestigationof the�o w data.

� Dense, texture-based�ow visualization: Similar to di-
rect �o w visualization,a textureis computedthat is used
to generatea denserepresentationof the �o w (Figure2,
middle). A notion of wherethe �o w moves is incorpo-
ratedthroughco-relatedtexture valuesalong the vector
�eld. In mostcasesthis effect is achieved through�lter -
ing of texturevaluesaccordingto thelocal �o w vector.

� Geometric�ow visualization: For a bettercommunica-
tion of thelong-termbehavior inducedby �o w dynamics,
integration-basedapproaches�rst integratethe�o w data
andusegeometricobjectsasabasisfor �o w visualization.
Theresultingintegralobjectshaveageometrythatre�ects
the propertiesof the �o w. Examplesincludestreamlines
(Figure 2, right) , streaklines,andpathlines. Thesege-
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Figure 1: Classi�cation of �ow visualization tech-
niques– (left) direct, (middle-left)texture-based,(middle-
right) basedongeometricobjects,and(right) feature-based.

ometric objectsare basedon integration as opposedto
othergeometricobjects,like isosurfaces,thatmayalsobe
usefulfor visualization.A descriptionof geometrictech-
niquesis presentedby Postet al. 55

� Feature-based�ow visualization: Another approach
makesuseof anabstractionand/orextractionstepwhich
is performedbeforevisualization.Specialfeaturesareex-
tractedfrom the original dataset,suchasimportantphe-
nomenaor topologicalinformationof the�o w. Visualiza-
tion is thenbasedon these�o w features(insteadof the
entire dataset),allowing for compactand ef�cient �o w
visualization,even of very large and/or time-dependent
datasets.This canalsobe thoughtof asvisualizationof
deriveddata.Postet al. 56 cover feature-based�o w visu-
alizationin detail.

Figure 1 illustratesa classi�cation of the aforementioned
classesandFigure2 showsthreetypicalexamples.Notethat
therearedifferentamountsof computationassociatedwith
eachcategory. In general,direct �o w visualizationtech-
niquesrequire lesscomputationthan the other threecate-
gories,whereasfeature-basedtechniquesrequire the most
computation.Thisoverview focusesonthebodyof research
relatedto dense,texture-basedtechniques.

1.2. Spatial, Temporal, and Data Dimensionality

Solutionsin �o w visualizationdiffer with respectto thedi-
mensionalityof the�o w data.Usefultechniquesfor 2D �o w
data,like color codingor arrow plots,sometimeslack simi-
lar advantagesin 3D. Here,thespatialdimensionalityof the
�o w datais indicatedaseither2D, 2.5D,or 3D. In our clas-
si�cation the dimensionalityof the resultsfrom eachtech-
nique is marked with a correspondinglabel indicating di-
mensionality(seeFigure4).

By 2.5Dwemean�o w visualizationrestrictedto surfaces
in 3D. We draw attentionto the notion that in many cases
like CFD, the simulationsetsall velocitieson a surfaceto
zero. Oneway to approachthis is to extrapolatethe vector

�eld just inside the surfaceto the boundary. In any case,
the vectorcomponentnormal to the surfaceis usually lost
in thevisualization.Furthermoreanothervector�eld canbe
calculatedon asurface,suchasskin friction.

In additionto spatialdimension,temporal dimension(di-
mensionalitywith respectto time) is of great importance.
Firstly, velocity incorporatesanotionof time– �o wsareof-
ten interpretedasdifferentialdatawith respectto time (cf.
Equation1), i.e., when integrating the data, instantaneous
pathssuchasstreamlinesmaybeobtained(cf. Equation3).
Wecall thissteadyvelocitytime. Additionally, the�o w data
itself canchangeover time resultingin time-dependent(or
unsteady)�o w. We refer to this asunsteadyvelocitytime.
The visualizationmustcarefully distinguishbetweenboth.
Performingintegration in the caseof unsteadydataresults
in pathlinesor streaklinesasopposedto streamlines.

The distinction betweensteadyand unsteadyvelocity
time is importantespeciallywhenanimationis usedin the
visualization.Then,evena third notionof time, i.e.,anima-
tion time, mayaffect thevisualization.Animationtime can
beanarbitraryfeatureaddedto thevisualizationin orderto
createmotion. Sometimes,geometricobjectslike stream-
lines are animatedin order to show �o w orientation,e.g.,
the motion of color controlledby a color-table 31. Anima-
tion is alsooften addedto texture-basedmethodswith the
samegoal in mind. Specialattentionis requiredfor correct
interpretationof animationtime.

In many cases,further data dimensions,i.e., attributes,
are suppliedwith the data,suchas temperature,pressure,
or vorticity in additionto spatialandtemporaldimensions.
Thedimensionof thedatavaluesis alsoassociatedwith the
termsmultivariateandmulti-�eld data. Flow visualization
mayalsotake thesevaluesinto account,e.g.,by usingcolor
or isosurfaceextraction.

Although we do not have spaceto focuson experimen-
tal �o w visualization,it is interestingto recognizethatmany
computationalsolutionsmoreor lessmimic the visual ap-
pearanceof well-acceptedtechniquesin experimentalvisu-
alization(cf. particletraces,dyeinjection,or Schlierentech-
niques77).

1.3. Data Sources

Computational�o w visualization,in general,dealswith data
thatexhibitstemporaldynamicsliketheresultsfrom (a)�ow
simulation(e.g.,the simulationof �uid �o w througha tur-
bine), (b) �ow measurements(possiblyacquiredthrough
laser-basedtechnology),or (c) analytic modelsof �o ws
(e.g.,dynamicalsystems1, givenassetof differentialequa-
tions).

We focus on visualizationof data from computational
�o w simulation,i.e., �o w datagivenasa setof sampleson
a grid. In many cases,the velocity information in a �o w
dataset(encodedasa setof velocity vectors)representsthe
focus. Therefore,�o w visualizationis strongly relatedto
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Figure2: Anexampleof circular �ow at thesurfaceof a ring to helpillustrateour �ow visualizationclassi�cation: (left) direct
visualizationby theuseof arrow glyphs,(middle)texture-basedby theuseof LIC, and(right) visualizationbasedongeometric
objects,here streamlines.

vector �eld visualization, which may alsodealwith vector
�elds otherthanvelocity �elds.

Therelationof computationalandexperimentalvisualiza-
tion is worthy of mention.Experimental�o w visualization,
as in a wind tunnel, is alsousedto validatecomputational
�o w simulation.In sucha casethecomputationalvisualiza-
tion needsto besetupin awaysuchthatresultscanbeeasily
compared.

2. Fundamentals

Beforeoutlining someof the most importanttexture-based
techniques,a short overview of commonmathematicsas
well as somegeneralconceptswith regard to the compu-
tationof resultsarepresented.

Flow simulationsareoftensolutionsto systemsof PDEs,
suchas the Navier Stokes, Euler, or Advection-Diffusion
equations82. In general,discretizedsolution methodsare
used.Noteworthy are�nite volume(FV) and�nite element
(FE) analysis,which subdivide the domaininto small ele-
mentslike hexahedralor tetrahedralcells. A solutionis de-
�ned on the computationgrid in physicalspace:unstruc-
turedfor FE andstructuredcurvilinearfor FV solutions.In
the discussionthat follows, we assumethat vectordataare
de�ned on thegrid nodes(cell vertices).

2.1. Reconstructionof Flow Data

An inherentcharacteristicof �o w datais thatderivative in-
formation is given with respectto time, which is laid out
with respectto an n-dimensionalspatialdomainW

�

Rn,
e.g.,n � 3 for representing3D �uid �o w. Temporalderiva-
tivesv of nD locationsp within the �o w domainW aren-
dimensionalvectors:

v � dp � dt � p � W
�

Rn
� v � Rn

� t � R (1)

A generalformulationof (possiblyunsteady)�o w datav is

v � p � t � : W � P 	 Rn (2)

wherep � W
�

Rn representsthespatialreferenceof the�o w
dataandt � P

�

R representsthe systemtime. For steady
�o w data,thesimplercaseof v � p � : W 	 Rn is given(v not
dependentont).

In resultsfrom nD �o w simulation,suchasfrom automo-
tive applicationsor airplanedesign,vectordatav is usually
not given in analyticform, but requiresreconstructionfrom
thediscretesimulationoutput.Thenumericalmethodsused
for the�o w simulation,suchas�nite elementmethods,out-
put simulationvaluesusuallyon large-sizedgrids of many
samplevectorsvi , whichdiscretelyrepresentthesolutionof
thesimulationprocess.Furthermore,it is assumedthat the
�o w simulationis basedon a continuousmodelof the �o w
allowing continuousreconstructionof the �o w datav. One
optionis to applya reconstruction�lter h : Rn

	 R to com-
putev � p �
� å i h � p � pi � vi . For practicalreasons,�lter h
usuallyhasonly local extent. Ef�cient proceduresfor �nd-
ing �o w samplesvi , which arenearestto thequerypoint p,
areneededto doproperreconstruction.

2.2. Grids

In �o w simulation,thevectorsamplesvi usuallyarelaid out
acrossthe�o w domainwith respectto acertaintypeof grid.
Grid typesrangefrom simplerectilinearor Cartesiangrids
to curvilineargrids to complex unstructuredgrids (cf. Fig-
ure 3). Typically, simulationgrids exhibit large variations
in cell sizes. This variety of cell sizesstemsfrom the in-
�uence of grid generationonto the�o w simulationprocess.
Thequalityof thegrid modelandits implementationimpact
thequalityof thesimulationresults.

Althoughtheprincipaltheoryof reconstructionfrom dis-
cretesamplesdoesnotexhibit many differenceswith respect
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(a) (b) (c)

(d) (e) (f)

Figure3: Grids involvedin �ow simulation– (a) Cartesian,
(b) regular, (c) general rectilinear, (d) structuredor curvilin-
ear, (c) unstructured,and(f) unstructuredtriangular 37� 89.

to grid cell types,thepracticalhandlingdoes.While neigh-
bor searchingmight betrivial in a rectilineargrid, it usually
is not in a tetrahedralgrid. Similar differenceshold for the
problemsof point locationandvectorreconstruction.In the
following we shortlydescribesomefundamentaloperations
which form thebasisfor visualizationcomputationsonsim-
ulationgrids.

Startingwith point location, i.e., the problemof �nding
the grid cell in which a given nD-point lies, usually two
casesaredistinguished.For generalpoint location,special
data structurescan be usedthat subdivide the spatial do-
main to speedup the search. For iterative point location,
oftenneededduring integral curve computation,algorithms
areusedthatef�ciently exploit spatialcoherenceduringthe
search. One kind of suchalgorithmsstartswith an initial
guessfor the target cell, checksfor point-containmentand
re�nes accordinglyafterward. This processis iterateduntil
the target cell is found. More detailscanbe found in text
booksabout�o w visualizationfundamentals53� 68.

Besidepoint location, �ow reconstruction, or interpola-
tion, within a cell of the datasetis a crucial issue. Often,
oncethe cell containingthe query location is found, only
the samplevectorsat the cell's verticesareconsideredfor
reconstruction.Theapproachusedmostoften is �rst-order
reconstructionby performinglinearinterpolationwithin the
cell. For example,trilinear �o w reconstructionmaybeused
within a 3D hexahedralcell.

After point locationand�o w reconstruction,visualization
begins: vectorscanberepresentedwith glyphs,virtual parti-
clescanbeinjectedandtracedacrossthe�o w domain.Nev-
ertheless,thecomputationof deriveddatamaybenecessary
to domoresophisticated�o w visualization.Usually, the�rst
stepis to requestsecond-ordergradientinformationfor arbi-

trarypointsin the�o w domain,i.e., 
 v � p, whichgivesinfor-
mationaboutlocalpropertiesof the�o w (atpointp) suchas
�o w convergenceanddivergence,or �o w rotationandshear.
For featureextraction, �o w vorticity w � 
 � v canbe of
high interest.Furtherdetailsaboutlocal �o w propertiescan
befoundin previouswork 45� 54.

2.3. Integration

Recallingthat �o w datain mostcasesis derivative informa-
tion with respectto time, the ideaof integrating �o w data
over time is naturalto provide an intuitive notion of evolu-
tion inducedby the�o w. Oneexampleisvisualizationby the
useof particleadvection. A respective particlepathp � t � –
herethroughunsteady�o w – canbede�ned by

p � t ��� p0 �

� t

t � 0
v � p � t ��� t � dt (3)

wherep0 representsthelocationof theparticlepathat seed
time 0. Note that Equations1 and3 arecomplimentaryto
eachother. For othertypesof integralcurves,suchasstreak-
linesseepreviouswork 36� 68.

In addition to the theoretical speci�cation of integral
curves,it is importantto notethat respective integral equa-
tions like Equation3 usually cannotbe resolved for the
curve function analytically, andtherebynumericalintegra-
tion methodsare employed. The mostsimple approachis
to usea �rst-order Eulermethodto computeanapproxima-
tion pE � t � – oneiterationof thecurve integrationis speci�ed
by

pE � t
�

Dt ��� p � t �

�

Dt � v � p � t ��� t � (4)

whereDt usually is a very small stepin time andp � t � de-
notesthe locationto startthis Euler stepfrom. A moreac-
curatebut also more costly techniqueis the second-order
Runge-Kutta method,57 which usesthe Euler approxima-
tion pE as a look-aheadto computea better approxima-
tion pRK2 � t � of theintegral curve:

pRK2 � t
�

Dt ���

p � t �

�

Dt �
� v � p � t ��� t �

�

v � pE � t
�

Dt ��� t ����� 2 (5)

Higher-order methods like the often used fourth-order
Runge-Kutta integratorutilize moresuchstepsto betterap-
proximatethe local behavior of the integral curve. Also,
adaptive stepsizesareusedto computesmallerstepsin re-
gionsof high curvature.

3. Denseand Texture-BasedFlow Visualization

Dense,texture-basedtechniquesin �o w visualizationgener-
ally provide full spatialcoverageof thevector�eld. In our
classi�cationwegroupthesemethodsinto thefollowing cat-
egoriesbasedon their respective primitive: thefundamental
objectuponwhich thealgorithmis based.Ourclassi�cation
subdividesthetechniquesbasedon their similarity.
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� SpotNoisetechniques: Thesemethods(Section3.1) are
basedon a techniqueintroducedby Van Wijk 78. In this
category, thebasicprimitive on which thealgorithmsop-
erateis theso-calledspot: anellipseor othershapethatis
warpedanddistributedin orderto re�ect thecharacteris-
ticsof a vector�eld.

� LIC techniques: The methodsin this category (Sec-
tion 3.2) are derived from an algorithm introducedby
CabralandLeedom8, namely, Line Integral Convolution
(LIC). The basic primitive here is a noise texture: the
propertiesof texture areconvolved, or smeared,usinga
kernel�lter in thedirectionof theunderlyingvector�eld.

� TextureadvectionandGPU-basedtechniques: Theprim-
itivein thiscase(Section3.3) is amovingtexel50. Individ-
ualtexels/texelproperties,orgroupsof texelsareadvected
in the direction of the vector �eld. Many of the tech-
niquesin this category utilize more computationon the
GPU(GraphicsProcessingUnit) – ratherthantheCPU–
in orderto realizeperformancegains.

� Relatedtechniques: Most of the dense,texture-based
�o w visualizationresearchfalls into oneof the previous
categories.Relatedresearchthatdoesnot �t cleanlyinto
one of the previous classi�cations is discussedin Sec-
tion 3.4.

We have includeda sectionof meta-researchpapersin Sec-
tion 4 aftertheindividual researchtechniques.Thesepapers
attemptto provide an alternative, higher-level framework
thatincorporatesmany of thetechniquesdiscussedhere.

3.1. SpotNoise

Spotnoise,introducedby VanWijk 78, wasoneof the �rst
dense,texture-basedtechniquesfor vector �eld visualiza-
tion. Spotnoisegeneratesa textureby distributing a setof
intensityfunctions,or spots,overthedomain.Eachspotrep-
resentsaparticlewarpedoverasmallstepin timeandresults
in a streakin thedirectionof the local �o w from wherethe
particleis seeded.A spotnoisetextureis de�ned by: 78

f � x ��� å aih � x � xi � v � xi ��� (6)

in which h ��� is calledthe intensityfunction,ai is a scaling
factor, andxi is a randomposition.A spotis a functionwith
unity intensityvaluefor thespot,e.g.,a ellipseandits inte-
rior, andzeroeverywhereelse.Thesummationdenotesthe
blendingof eachinstanceof theintensityfunctionatrandom
positions.

The hierarchyshown in Figure4 illustratesthe relation-
ship amongstspot noise relatedmethods. Follow-up re-
searchthat builds upona previous techniqueis shown asa
child in the hierarchy. Children that sharea commonpar-
entarepresentedin chronologicalorderof appearancewhen
readingfrom left to right. Eachnodein thehierarchyis la-
beledandthecorrespondingdescriptioncanbe matchedin
the text of this article. Thedimensionalityof the �o w data
usedto generatetheresultsis indicatedfor convenience.The
timedimensionlabelis givenadifferentshapeto distinguish

Spot Noise

Enhanced
Spot Noise

Experimental
Flow Simulation

Parallel Unsteady
Spot Noise Spot Noise

2D

2.5D

3D

LEGEND

Unsteady

Figure 4: The Spot Noise hierarchy of related research.
Children in thehierarchy build uponthework of their par-
ent.

Figure 5: A snapshotof the unsteadyspot noise algo-
rithm 16. Image courtesyof De LeeuwandVanLiere.

it from thespatialdimensions.We believe thespotnoisehi-
erarchy(Figure4) andtheLIC hierarchy(Figure7) will be
valuableassetsin helpingthereadernavigatetherelatedre-
searchliterature.In what follows, we visit eachnodein the
hierarchyin depth-�rst-searchorder.

Comparative Visualization – Spotnoisehasbeenusedto
simulatetheresultsfrom the�eld of experimental�o w visu-
alization14. First theparametersof thespotnoisetechnique
aretunedin orderto simulatethe smearingof oil on a sur-
face. A post-processingstepis thenaddedto enhancethe
visualizationresultsuchthat it lookscloserto thesmearing
of realoil from experimental�o w visualization.

EnhancedSpot Noise– Onelimitation of theoriginal spot
noisealgorithmwastheinability to representhigh, local ve-
locity curvatureespeciallywith high speeds.Enhancedspot
noise12 by De LeeuwandVan Wijk addressesthesechal-
lengesthroughtheuseof bentspotprimitives.

Parallel and UnsteadySpot Noise– In orderto accelerate
theperformanceof enhancedspotnoisetowardsinteractive
framerates,a parallelimplementationof thealgorithmwas
introducedby De Leeuw 13. The parallel implementation
wasappliedto thesteeringof a smogpredictionsimulation
andsearchinga very largedatasetresultingfrom a numeri-
calsimulationof turbulence.
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Figure6: Visualizationof �ow pasta boxusing(left) spotnoiseand(right) LIC.

The�rst applicationof spotnoiseto unsteady�o w is pre-
sentedby DeLeeuwandVanLiere16 (Figure5). Themotion
of spotsis modeledafterparticlesin unsteady�o w. In order
to visualizeunsteady�o w, thedistribution of spotswith re-
spectto the temporaldomainis discussed.Unsteadyspot
noisealsointroducessupportfor zoomingviews of thevec-
tor �eld. Spot noisewith zooming is also utilized by De
LeeuwandVanLiere whenvisualizingtopologicalfeatures
of 2D �o w 10.

Spot Noise Related Literatur e – A combinationof both
texture-basedFlowVis on 2D slicesand3D arrows for 3D
�o w visualizationis employed by Teleaand Van Wijk 74.
Arrows denotethemaincharacteristicsof the3D �o w after
clusteringanda2D slicewith spotnoisevisualizationserves
ascontext. Thefocusof this work is on vector�eld cluster-
ing.

Löffelmann et al 44 use anisotropicspot noise created
from a grid-shapedspot to visualizestreamlinesand time-
lines concurrentlyon streamsurfaces. Another interesting
applicationof spotnoiseis its usefor the depictionof dis-
cretemaps(non-continuous�o w) 43.

Spotnoisehasalsobeenappliedto the visualizationof
turbulent �o w 15 andin combinationwith the visualization
of �o w topology10� 11. We referthereaderto Postet al. 55� 56

for moreon thesubjectof �o w topology.

Spot Noisevs. LIC – A visualcomparisonof LIC (thefo-
cusof thenext section)andspotnoiseis shown in Figure6.
Spotnoiseis capableof re�ecting velocitymagnitudewithin
the amountof smearingin the texture, thus freeingup hue
for the visualizationof anotherattribute suchas pressure,

temperature,etc. On theotherhand,LIC is moresuitedfor
the visualizationof critical points which is a key element
in conveying the �o w topology. Thevectormagnitudesare
normalizedthusretaininglower spatialfrequency texturein
areasof low velocity magnitude.De LeeuwandVanLiere
alsocomparespotnoiseto LIC 17. They reportthatLIC is
betterat showing directionthanspotnoise,but it doesnot
encodevelocity magnitude.By �o w direction,we refer to
the path alongwhich a masslessparticle follows when in-
jectedinto the�o w.

3.2. Line Integral Convolution

Line integral convolution (LIC), �rst introducedby Cabral
andLeedom8, hasspawneda largecollectionof researchas
indicatedin Figure7. Theoriginal LIC methodtakesasin-
put a vector�eld on a 2D, Cartesiangrid anda white noise
textureof thesamesize.Texelsareconvolved(or correlated)
alongthepathof streamlinesusinga �lter kernel in orderto
createa densevisualizationof the �o w �eld. More specif-
ically, givena streamlines, LIC consistsof calculatingthe
intensityI for a pixel locatedat x0 �

s � s0 �

by: 70

I � x0 ���

s0 �

L � 2
 

s0 !

L � 2

k � s " s0 �

T � s � s
���

ds (7)

whereT standsfor aninputnoisetexture,k denotesthe�lter
kernel,s is an arc lengthusedto parameterizethe stream-
line curve,andL representsthe�lter kernellength.SeeFig-
ure2 (middle) for a result. LIC wasoneof the �rst dense,
texture-basedalgorithmsable to accuratelyre�ect velocity
�elds with high local curvature.
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Figure7: TheLIC hierarchy of relatedresearch. Nodelabelscorrespondto paragraphsin thetext, which thenleadto speci�c
entriesin thebibliography.

The researchin LIC-based�o w visualizationdescribed
hereextendsLIC in severaldirections:(1)adding�o w orien-
tationcues,(2) showing localvelocitymagnitude,(3) adding
supportfor non-rectilineargrids, (4) animatingthe result-
ing texturessuchthattheanimationshows theupstreamand
downstream�o w direction,(4) allowing real-timeandinter-
active exploration,(5) extendingLIC to 3D, and(6) extend-
ing LIC to unsteadyvector�elds. In thefollowing, we visit
theLIC hierarchyof Figure7 in depth-�rst-searchorder.

Curvilinear Grids and Unsteady LIC – Forssell20 was
early to extend LIC to surfacesrepresentedby curvilinear
grids. Theoriginal LIC methodportraysa vector�eld with
uniformvelocitymagnitude.Forssellintroducesa technique
for displayingvectormagnitude.Shealsodescribesoneap-
proachto animatethe resultingLIC textures. Forsselland
Cohenextendthis work to visualizeunsteady�o w 21. Their
approachmodi�es the convolution suchthat the �lter ker-
nel operateson streaklinesratherthanstreamlines.In other
words, they modify the LIC algorithmto tracea path that
incorporatesmultiple timesteps.

Fast LIC – Many algorithmsare built on fast LIC intro-
ducedby Stalling andHege 70. FastLIC is approximately
oneorderof magnitudefasterthantheoriginal. Thespeedup
is achievedthroughtwo key observations:(1) fastLIC min-
imizesthecomputationof redundantstreamlinespresentin
the original methodand (2) fast LIC exploits similar con-
volution integrals along a single streamlineand thus re-
usespartsof theconvolution computationfrom neighboring
streamlinetexels. They also introducesupportfor �ltered
imagesat arbitraryresolution.

Parallel FastLIC – Amongstthe�rst parallelimplementa-
tionsof fastLIC is thatof Zöckleretal. 90. Theproposedal-
gorithmcomputesanimationsequenceson a massively par-
allel distributed memorycomputer. Parallelizationis per-
formedin imagespaceratherthan in time in order to take
advantageof thestrongtemporalcoherencebetweenframes.
Luckily, aswe shall seelater, �o w visualizationresearchin
this areahasevolved far enoughsuchthatexpensive paral-

lel processinghardware is not alwaysnecessaryto achieve
interactivevisualization28� 29� 38� 79. However, for 3D andun-
steady�o w thereis still needfor parallelization.For thesake
of completeness,we alsomentionthe work of Cabraland
Leedomon parallelizationof LIC 7 althoughthis is a paral-
lel processingversionof theoriginalLIC algorithm,not fast
LIC.

Fast LIC on Surfaces– Battke et al. 2 extendfastLIC to
surfacesrepresentedby arbitrarygrids in 3D. Theapproach
by ForssellandCohen21 waslimited to surfacesrepresented
by curvilinear grids. The methodworks by tessellatinga
givensurfacerepresentationwith triangles.Thetrianglesare
packed(or tiled) into texturememoryandalocalLIC texture
is computedfor eachtriangle. The resultspresentedhere
arelimited to relatively smallsimplesurfacerepresentations
composedof equilateraltriangles(1,600–4,000triangles).

VolumeLIC – InterranteandGrosch25� 26 visualizetrue3D
�o w usingthefastLIC algorithmasastartingpoint. Clearly,
thereareperceptualchallengesrelatedto 3D �o w visualiza-
tion suchas occlusion,depthperception,and visual com-
plexity. Volume LIC introducesthe useof halos in order
to enhancedepthperceptionsuchthat the userhasa bet-
ter chanceat perceiving the3D spacecoveredin thevisual-
ization (Figure8). Areasof highervelocity magnitudeare
mappedto higher texture opacity. It is interestingto note
thatwith theintroductionof halos,we arethenableto iden-
tify distinctentitiesin the3D �eld, a propertygenerallynot
presentin otherLIC techniques.Thusthe 3D LIC takesa
stepin thedirectionof beinga geometric�o w visualization
techniquewherediscreteintegralobjectssuchasstreamlines
canbe distinguished.Without introducingsomenotion of
sparsenessinto the visualization,the resultswould not be
veryuseful.However, with theintroductionof sparseness,a
trade-off is madebetween�o w �eld coverageandreducing
occlusion.

Enhanced Fast LIC and LIC with Normal – Two use-
ful extensionsto the fastLIC algorithmare introducedby
Hege and Stalling 22 and Scheuermannet al. 64 Hege and
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Figure8: A resultfromtheVolumeLIC method25� 26. Image
courtesyof InterranteandGrosch.

Stalling 22 experimentwith higherorder�lter kernelsin or-
derto enhancethequality of theresultingLIC textures.

In thecaseof slices,vectorcomponentsorthogonalto the
slice areremoved whenusingtexture-basedandgeometric
methodsfor visualizationresults.Scheuermannet al. 64 ad-
dressthis missingorthogonalvector�eld componentby ex-
tendingfastLIC to incorporateanormalcomponentinto the
visualization.

DLIC – Sundquist71 presentsan extensionto fast LIC,
DLIC (DynamicLIC), in orderto visualizetime-dependent
electromagnetic�elds. Accordingto Sundquist,themotion
of the�eld is not necessarilyalongthedirectionof the�eld
itself in the caseof electromagnetic�elds. The algorithm
proposedherehandlesthecaseof whenthevector�eld and
the direction of the motion of the �eld lines are indepen-
dent. Conceptually, therearetwo vector �elds usedin this
approach:(1) theelectromagnetic�eld itself and(2) thevec-
tor �eld thatdescribestheevolutionof streamlinesasafunc-
tion of time.

Multi variate LIC – Urnessetal. 76 presentanextensionto
fastLIC thatincorporatesanew coloringschemethatcanbe
usedto incorporatemultiple 2D scalarandvectorattributes.
Color weavingassignsa speci�c attribute representedby a
color to anindividual streamlinethreadin thevisualization.
Thestreamlinepatternsmayinterweaveandthussomaythe
colorpatterns.Usingmultiple colorsallows visualizationof
morethanonevariatein the result. Their secondcontribu-
tion is calledtexture stitching: anextensionto theideapre-
sentedby Kiu andBanks34, namelymulti-frequency LIC.
However, in thecaseof Urnesset al. 76 themulti-frequency
noisetexturesareusedto highlight regionsof interestasop-
posedto velocitymagnitudeasby Kiu andBanks34.

Dye Injection – Shenet al. addressthe problemof direc-
tional cuesin LIC by incorporatinganimationandintroduc-
ing dye advection into the computation66. The simulation
of dyemaybeusedto highlight featuresof the �o w. In ad-
dition, they incorporatevolumerenderingmethodsthatmap

Figure9: Dyeinjectionis usedto highlightareasof the�ow
in combinationon the boundarysurfaceof an intake port
andcombustionchamber.

a LIC textureontoa 3D surface.Thustheuseris ableto vi-
sualizethedyethroughoutthevolume.Wepointout thatthe
modelingof dye transportis not alwaysphysicallycorrect
sincedyeis dispersednotonly by advection,but alsoby dif-
fusion.Notethatdyeadvectiontechniquescanbeclassi�ed
differently. Dye injection can result in discretegeometric
objectsusedto visualizethe�o w, andthus,couldbeclassi-
�ed asa groupof geometricvisualizationtechniques.Dye
injectionis alsoimplementedby someof thetextureadvec-
tion andGPU-basedtechniquesdescribedin Section3.3.

Again, in Shenet al. we seethenotionof a sparservisu-
alizationin orderto seeinto the3D �o w. Theresulting3D
visualizationapproachesthatof a geometrictechniquesuch
astheuseof streamsurfaces.And just aswith theothergeo-
metrictechniques,thenotionof whereto placeor inject the
dyeinto the�o w becomesimportant.Figure9 illustratesthe
useof dyeinjection.

Multi-Fr equencyLIC – Kiu andBanksproposeto usea
multi-frequency noisefor LIC 34. Thespatialfrequency of
thenoiseis a functionof themagnitudeof thelocalvelocity.
Long, fat streaksindicateregions of the �o w with higher
velocitymagnitude.

Oneproblemwith many curvilineargrid LIC algorithms
is thattheresultingLIC texturesmaybedistortedafterbeing
mappedontothegeometricsurfaces,sinceacurvilineargrid
usuallyconsistsof cellsof differentsizes.Maoetal.propose
asolutionto theproblemby usingmulti-granularitynoiseas
theinput imagefor LIC 46.

OLIC and FROLIC – Wegenkittl et al. addressthe prob-
lemof directionof �o w in still imageswith theirOLIC (Ori-
entedLIC) approach84. By orientation,they meanthe up-
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streamanddownstreamdirectionsof the�o w, not visible in
the original LIC implementation.Conceptually, the OLIC
algorithmmakesuseof a sparsetextureconsistingof many
separatedspotsthat aresmearedin the directionof the lo-
cal vector�eld throughintegration.A fastversionof OLIC,
called FROLIC (Fast Renderingof OLIC), is achieved by
Wegenkittl and Gröller 83 via a trade-off of accuracy for
time. FROLIC approximatesthesimulateddroplettracere-
sultingfrom OLIC with asequenceof disksof varyinginten-
sity, with disk intensityincreasingtowardsthedownstream
direction.

AnimatedFROLIC 4 achievesanimationof theresultvia
a color-tableand is basedon the observation that only the
colorsof theFROLIC disksneedto bechanged.Eachpixel
is assigneda color-tableindex thatpointsto a speci�c entry
in the color-table. Color-tableanimationthenchangesthe
entriesof the color-tableitself ratherthanthe pixels of the
correspondingimage.

LIC on Surfaces– Mao et al.47 extend the original LIC
methodby applying it to surfacesrepresentedby arbitrary
grids in 3D. FormerLIC methodstargetedat surfaceswere
restrictedto structuredgrids 20� 21� 66. Also, mappinga com-
puted2D LIC texture to a curvilinear grid may introduce
distortionsin the texture. Mao el al. proposesolutionsto
overcometheselimitations.Theprinciplebehindtheir algo-
rithm relieson solid texturing 52. The convolution of a 3D
whitenoiseimage,with �lter kernelsde�ned alongthelocal
streamlines,is performedonly at visible ray-surfaceinter-
sections.

This ideahasan advantageover thatof Battke et al. 2 in
that it avoids what canbe a timely andcomplex assembly
of trianglesinto texturespace.However, ray-tracingis also
costly. The methodhere is view-point dependentand re-
quiredrelatively lengthyprocessingtimefor anunstructured
meshcomposedof 10,000triangles.

A signi�cant body of researchis dedicatedto the exten-
sionof LIC ontoboundarysurfaces.Teitzelet al. 73 present
an approachthat works on both 2D unstructuredgrids and
directly on triangulatedgrids in 3D space.This topic itself
is thesubjectof a survey by Stalling69.

UFLIC – Shenand Kao 67 extend the original LIC algo-
rithm to handleunsteady�o ws. Their extension, called
UFLIC (UnsteadyFlow LIC), handlesthecaseof unsteady
�o w �elds by introducinga new convolution �lter thatbet-
ter modelsthe natureof unsteady�o w. The convolution is
donealongpathlines(asopposedto streamlines).They im-
prove uponthe shortcomingsof the previous unsteadyLIC
attemptpresentedby ForssellandCohen21. Accordingto
ShenandKao, ForssellandCohen's approachhasmultiple
limitationsincluding: (1) lack of clarity with respectto spa-
tial coherence,(2) deriving current�o w valuesfrom future
�o w values,(3) unclearexpositionwith respectto temporal
coherence,and (4) lack of accuratetime stepping. All of

Figure 10: An LIC visualizationshowinga simulationof
�ow arounda wheel.59 Theappropriate choiceof transfer
functionresultsin a sparsernoisetexture. Image courtesyof
Rezk-Salamaet al. 59

theseproblemsareaddressedby UFLIC. ShenandKaoalso
applyUFLIC to thevisualizationof time-dependent�o w to
parameterizedsurfaces.UFLIC is alsoextendedusingapar-
allel implementationby ShenandKao 65.

AUFLIC – AUFLIC (AcceleratedUFLIC) is an extension
to UFLIC that enhancesperformancetimes 41. The princi-
ple behindAUFLIC is to save, re-use,andupdatepathlines
in avector�eld seedingstrategy. AUFLIC requiresapproxi-
matelyonehalf of thetimerequiredby UFLIC andgenerates
similar results.

3D LIC – Rezk-Salamaetal. 59 proposerenderingmethods
to effectively display the resultsof 3D LIC computations.
They utilize texture-basedvolumerenderingin an effort to
provide explorationof 3D LIC texturesat interactive frame
rates. Like Interrante26, they addressthe perceptualprob-
lemsposedby dense,3D visualization.They approachthese
challengesthroughtheuseof transferfunctionsandclipping
planes,asin Figure10. Transferfunctionsallow theuserto
seethroughportionsof theLIC texturesdeemeduninterest-
ing by theuser. In additionto conventionalclipping planes,
Rezk-Salamaet al. alsouseclipping with arbitraryclosed-
surfacegeometries.

Theuseof transferfunctionsandgeometricclipping ob-
jectsareinterestingchoicesfor dealingwith the perceptual
problemsassociatedwith 3D. In somesense,thesecanbe
comparedwith theseedingproblemof thegeometricclassof
visualizationtechniques.Seedingstrategiesaddresswhere
to start streamlinesand other integration-basedgeometric
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Figure11: A comparisonof 3 LIC techniques:(left) UFLIC 65, (middle)ELIC 51, and(right) PLIC 81. Imagecourtesyof Verma
et al. 81.

objects.Selective seedingof geometricobjectsin 3D is of-
ten considereda key to successfulvisualization. However,
knowledgeof theproperseedlocationsis a requisitefor this
approach. And just as properseedplacementis a requi-
sitewhenusinggeometricobjects,knowledgeof thetransfer
function(s)andclosed-objectclippinggeometriesis required
in thecaseof 3D LIC.

Geometric LIC – We make a distinctionbetweengeomet-
ric �o w visualizationanddense,texture-based�o w visual-
ization.However, thesetwo topicsarecloselycoupled.Con-
ceptually, thepathfrom usinggeometricobjectsto texture-
basedvisualizationis obtainedvia a denseseedingstrategy.
That is, denselyseededgeometricobjectsresult in an im-
agesimilar to that obtainedby dense,texture-basedtech-
niques30. Likewise,thepathfrom dense,texture-basedvisu-
alizationto visualizationusinggeometricobjectsis obtained
usingsomethingsuchasa sparsetexture for textureadvec-
tion 84.

Herewehavegroupedtogethertechniquesthatsynthesize
LIC resultsby mappingapre-computedLIC textureontoge-
ometricprimitivessuchasstreamlines.By usinggeometric
primitives,researchershopeto speedup performancetimes
of the LIC results. The drawbackof thesemethodsis that
they requirecarefulseedingstrategiesto gain thecomplete
coverageof the �o w �eld offered by traditional LIC tech-
niques.

Motion Map – JobardandLeferuseamotionmap31 in or-
derto animate2D steady�o ws. First, thedomainis covered
completelywith streamlines.Next, a color is mappedto the
streamlinesanda color-tableanimationtechniqueis usedto
animatethe �o w. It offers theadvantageof saving memory
andcomputationtime sinceonly oneimageof the �o w has
to becomputedandstoredin themotionmapdatastructure.
Thistechniqueis notapplicableto unsteady�o w however. It
reliesona one-timecostof computinga setof streamlines.

PLIC – Vermaet al. presenta methodfor visual compar-
ison of streamlinesandLIC calledPLIC 81 (Pseudo-LIC).
They attemptto identify therelevantparametersto generate
LIC-lik eimagesfrom adensesetof streamlinesandfor gen-
eratingstreamline-like imagesthroughthe useof different
�lters usedfor convolution. By experimentingwith different
input texturesfor LIC, bothstreamline-like imagesandLIC-
like resultscanbe obtained.ELIC (enhancedLIC), placed
herebecauseof its visualcomparisonwith PLIC, builds on
theoriginal LIC algorithmin four ways: (1) by incorporat-
ing an algorithmto improve the delineationof streamlines,
(2) increasingthe imagecontrast,(3) removing texturedis-
tortion introducedby applyingLIC to curvilineargrids,and
(4) using color to highlight �o w separationand reattach-
mentboundaries.A visual comparisonbetweenUFLIC 65,
ELIC 51, andPLIC is shown in Figure11.

Hierar chical LIC – Bordoloi andShen5 introducea hier-
archicalapproachto LIC basedon a quadtreedatastructure
usedto supportlevel of detail (LOD). Theideais to replace
portionsof thevector�eld of lower complexity with rectan-
gularLIC texture-mappedpatches.TheLIC textureis taken
from a previously calculatedLIC imageof a straightvector
�eld. Here,complexity is a directfunctionof theamountof
curl in thelocal vector�eld.

DecoupledLIC – Li etal. 40 presenta techniquefor thevi-
sualizationof 3D �o w basedon texturemappedprimitives,
namelystreamlines. They decouplethe visualizationinto
a pre-processingtype stagethat computesthe streamlines
anda stagewhich mapsvarioustexturesto the streamlines
computedin the �rst stage. The result is volumerendered
at interactive frame rates. To addressthe perceptualchal-
lengesposedby 3D visualization,depthcues,lighting ef-
fects,silhouettes,shading,andinteractivevolumecullingare
described.
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Figure12: Theclassi�cationof texture advectionandGPU-basedtechniques.Thecolumnsindicatetheprimitiveusedduring
advectionwhile therowsindicatetheadvectionscheme.

3.3. Texture Advection and GPU-BasedTechniques

In this sectionwe describeresearchbasedon moving tex-
els or moving groupsof texels, i.e., texture-mappedpoly-
gonswhosemotionis directedby thevector�eld. Figure12
shows anoverview of thedifferenttechniquesandclassi�es
themaccordingto two properties:(1) theadvectionscheme
usedand(2) the primitive usedduringadvection. Someof
theliteraturefocusesmainlyon theintegrationschemeused
to advecttexturesor texels. By thetermtexel meanstexture
element.Somemethodsfocuson the mappingto advected
primitivesandsomefocuson both. Figure 12 alsoshows
the dimensionalityof the �o w data. In our discussion,we
visit the methodsin clockwiseorderstartingat 12 o'clock.
Within eachsub-blockthemethodsarelistedin chronologi-
calorder. This is becausethemappingof texel propertiesbe-
tweentwo timestepsin thevisualizationis not1-to-1in this
case.For a moredetaileddiscussionseeJobardet al 28� 29.

One characteristiccommonto many of the texture ad-
vection techniquesin this section 28� 29� 38� 48 is the use of
backward coordinate integration (or backward advection).
Noneof the methodsdescribedhereuseforward advection
(i.e., forward integration)and individual texels asa primi-
tive. This is becausethecombinationof forwardintegration
andtexel primitivesleavesholesin the visual domainafter
the forward integration computation29. Given a position,
x0 � i � j �#�$� i � j � of eachparticlein a 2D �o w, backward in-
tegrationover a time interval h determinesits positionat a
previoustime step28:

x % h � i � j ��� x0 � i � j �

�

� h

t � 0
v % t � x % t � i � j ��� dt (8)

whereh is theintegrationstep,x % t � i � j � representsinterme-
diary positionsalong the pathlinepassingthroughx0 � i � j � ,
andvt is thevector�eld at timet . Wenotethatthemethods
in this category are generallyimplementedin an iterative
fashion. That is for eachanimatedframean integration is
performedover a small time-steph, followed by an update
of visualproperties.This is opposedto geometricmethods
in which a longerparticlepathmaybe computedover sev-
eraltimestepsbeforetheresultsaredisplayed.

Figure 13: A screenshotfromtheImage BasedFlow Visu-
alizationalgorithm.Image courtesyof VanWijk 79.

IBFV – ImageBasedFlow Visualization(IBFV) by Van
Wijk 79 is oneof the fastestalgorithmsfor dense,2D, un-
steadyvector �eld representations(Figure13). It is based
ontheadvectionanddecayof texturesin imagespace.Each
frameof thevisualizationis de�ned asa blendbetweenthe
previousimage,warpedaccordingto the�o w direction,and
a numberof backgroundimagescomposedof �ltered white
noisetextures. One reasonit is fasterthan many texture-
based�o w visualizationmethodsis becauseit reducesthe
numberof integration computationsthat need to be per-
formedvia advecting small quadrilateralsratherthan indi-
vidualpixels.

Moving Textures – Max and Becker were early to intro-
ducetheideaof moving texturesin orderto visualizevector
�elds 48. Oneof the primarygoalsof this work wasto use
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Figure14: Snapshotsfromthevisualizationof a time-dependentsurfacemeshcomposedof 79Kpolygonswith dynamicgeom-
etryandtopology 38.

textures in motion to producenear-real-timeanimationof
�o w. Texture-mappedtrianglesareadvected,or distorted,in
thedirectionof the�o w. Also, applyingthistechniqueto 3D
�o ws with no modi�cation providesresultsthataredif�cult
to perceive,at leastin thecaseof astill image.

ISA and IBFVS – IBFV hasbeenextendedto thevisualiza-
tion of �o w onsurfaces38� 80. VanWijk presentsanextension
calledIBFVS, IBFV for Surfaces.Larameeetal. 38 presenta
similar dense,texture-basedvisualizationtechniqueon sur-
facesfor unsteady�o w calledISA: ImageSpaceAdvection.
Both methodsproduceanimatedtextures on arbitrary 3D
triangle meshesin the samemanneras the original IBFV
method. Texturesaregenerated,advected,andblendedin
imagespace.Themethodsgeneratedenserepresentationsof
time-dependentvector�elds with high spatio-temporalcor-
relation. While the3D vector�elds areassociatedwith ar-
bitrary triangularsurfacemeshes,thegenerationandadvec-
tion of texture propertiesis con�ned to imagespace.Both
spotnoiseandLIC-lik eresultscanbeattained.In bothtech-
niques,38� 80 fastframeratesareachievedin partby exploit-
ing theGPU.

VanWijk' s methodis appliedto potential�eld visualiza-
tion andsurfacevisualization.Larameeet al.'s algorithmis
appliedto unsteady�o w onboundarysurfacesof large,com-
plex meshesfrom computational�uid dynamics,dynamic
mesheswith time-dependentgeometryandtopology. It has
alsobeenappliedto medicalsimulationdataaswell asiso-
surfaces39. Figure14 shows the resultsappliedto a time-
dependentgeometryandtopology.

3D IBFV – IBFV hasalsobeenappliedto thevisualization
of 3D �o w 75. The problemof how to seeinsidethe �o w
volumeis addressedby varyingboththenoisesparsity, rem-
iniscentof InterranteandGrosch26, andthroughvaryingthe
opacityof the renderedvolume similar to Rezk-Salamaet
al 59. In orderto achieve sparseness,TeleaandVanWijk in-
jectemptyholesof noiseinto the3D �eld, in additionto the
noisedescribedby the original IBFV. Oneimportantcom-
ponentof their methodis to de�ne a thresholdvaluewhich

eliminatesall close-to-transparenttexel values. Onedisad-
vantageof themethodis that therangeof velocity valuesit
candisplayis limited: A texel propertycannotbeadvected
by morethanoneslicealongthez axisof thevolumein one
animationframe. This problemis addressedby Weiskopf
andErtl 87.

3D Texture Advection – Kao et al. discussthe useof 3D
and4D texture advection for the visualizationof 3D �uid
�o ws32. Theresultsshow sparsetexturenoisein orderto vi-
sualizeinsidethe3D vector�eld. Formidablechallengesare
introducedby the memoryrequirementsinvolved in using
3D and4D textures. The proposedmethoddoesnot work
well for the caseof �o ws containingcritical points for in-
coming�o ws from thegrid boundary.

GPU-Based LIC – Heidrich et al. 23 exploit pixel tex-
turesto accelerateLIC computation.Pixel texturesarean
OpenGLextensionby SGI thatprovidesthefunctionalityof
dependenttexturesin combinationwith multi-passrender-
ing. Heidrich et al.'s implementationsupports2D, steady
vector �elds only, and achieves sub-secondcomputation
timesfor LIC imagegeneration.While this methodcould
becategorizedasa GPU-acceleratedLIC technique,we po-
sition it heredueto its comparabilitywith thefollowing tex-
ture advection techniques27� 88 that usethe sameproposed
OpenGLextension,handleunsteady�o w, and thuscanbe
consideredanextensionof this technique.

LEA – Jobardet al. 27 introducea GPU-assistedtexture
advection techniquefor the densevisualizationof 2D, un-
steady�o w. While the methodof Max andBecker 49 ad-
vectstexturesbasedon coarsetriangularmeshes,Jobardet
al. advect textureson a per-pixel basisby meansof pixel
textures,which areusedin a similar way asby Heidrich et
al 23. Thegray-scaletexture from the previous time stepis
draggedalongthe�o w �eld bymodifyingthetexturecoordi-
natesfor thedependenttexturelookupaccordingto the�o w
data.Nearest-neighborsamplingiscombinedwith anupdate
of fractionaltexturecoordinatesto representsubtexel motion
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Figure 15: Threeimagestakenfroman animationof an unsteadyvector�eld createdwith theLagrangian-Eulerianadvection
algorithm.28� 29 Image courtesyof Jobard etal.

and,at thesametime,maintaina high contrast.An iterative
injectionof additionalnoiseis usedto compensatefor apos-
siblelossof contrastover time. Jobardetal. alsodiscussthe
treatmentof in�o w at boundaries,imageenhancementby
colormasking,andtheuseof dyeadvection.Becauseof the
limited functionalityof thegraphicshardwarethatsupports
pixel textures,the implementationrequiresmany rendering
passesandadvectsa texture of size2562 at approximately
two framespersecond.Moreover, themaximumresolution
of texturesis restrictedto 2562.

Jobardet al. extend this method to the more �e xible
Lagrangian-EulerianAdvection(LEA) scheme28 for thevi-
sualizationof unsteady, 2D �o w. Here,they rely on a CPU
implementationthatleadsto betteradvectionquality, higher
speed,andno limitations of the maximum�o w size. Par-
ticle pathsare integratedasa function of time, referredto
as the Lagrangianstep,while the color distribution of the
imagepixelsis storedin a textureandupdatedin place(Eu-
lerianstep). The temporalcoherenceof the advectednoise
texturesis transformedinto spatialcoherenceby blending
textures from subsequenttime steps,i.e., eachstill frame
depictsthe instantaneousstructureof the �o w, whereasan
animatedsequenceof framesstill revealsthemotionof the
advectedtexture. Jobardet al. demonstratethat the combi-
nationof noiseanddye advectionis usefulfor an effective
visualizationandexplorationof unsteady�o w. Someresults
from thetechniqueareshown in Figure15. Thiswork is ex-
tendedby Jobardet al. 29 in orderto improve thequality of
dyeadvection.

Weiskopf et al. 86 presenta GPU-acceleratedversionof
the LEA algorithm using per-fragment operations. The
GPU-basedtexture advection by Weiskopf et al. 88 sup-
portsbilineardependenttexturelookupswithout takinginto
accountthe updateof fractional coordinates. Therefore,
this approachis mainly suitablefor dye advection at high
frame rates. Weiskopf et al. also demonstratehow GPU-
acceleratedvisualizationof unsteady, 3D �o ws canbe im-
plementedwith pixel textures.

UFAC – Weiskopf et al. 85 introduce a generic texture-
basedframework for visualizing2D, time-dependentvector
�elds. They proposeUnsteadyFlow Advection-Convolution
(UFAC) asan applicationof the framework for visualizing
unsteady�uid �o w. Also, their approachcan reproduce
other techniquessuchasLEA 29, IBFV 79, UFLIC 65, and
DLIC 71. Weiskopf etal. describeaGPU-acceleratedimple-
mentationthat,amongotherthings,allows theuserto trade-
off quality for speed.

3.4. RelatedDense,Texture-BasedMethods

The literaturedescribedhereis not, in general,asstrongly
inter-relatedasthe literaturein thespotnoise,LIC, texture
advection, andGPU-basedcategories. For this reasonwe
soughtanalternative schemain orderto relatethedifferent
techniques.Figure16shows therelatedmethodsandclassi-
�es thembasedon the densityof their results. In this case
eachtechniqueis given a subjective rating on a sparse-to-
densescale. Sparseresultslook morelike the resultsfrom
�o w visualizationusing geometricobjectswhereasdense
techniquesproduceresultsresemblingspot noise or LIC.
Thesemethodsdo not �t cleanly into one of the previous
categories,nonetheless,they areimportantto thededicated
topicandarebrie�y outlinedhere.Readingfrom top to bot-
tom in Figure16, we visit the techniquesin chronological
order.

TextureSplats– As anextensionof thetechniqueof splat-
ting from volumerendering,Craw�s andMax 9 introduce
the notion of texture splatsfor �o w visualization. Being a
volumerenderingtechnique,it is targetedat thedepictionof
3D vector�elds. As with Rezk-Salamaet al. 59, it is a selec-
tive transferfunction that ultimately decideswhich subsets
of the 3D dataareshown andwhich arenot. The transfer
functionsareusedto emphasizeor suppressspatialregions
asopposedto rangesof datavalues.

Texture Transport – The texture transport method of
Becker andRumpf 3 introducesa mathematicalframework
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Figure 16: Relateddense, texture-based�ow visualization
methods.Each methodis comparedwith respectto theden-
sityof theresultingvisualization.

basedon the solution of a time-dependenttransportequa-
tion. Lagrangiancoordinatesarecomputedfrom the trans-
port equationandvisualizedusinga texture mapping. The
resultsin this caseresemblethosefrom thegeometricclass
of solutions. Individual lines in the texture can be distin-
guished.The majordrawbackof this approachis the com-
putationtimerequired.

Furlik eTexture– Khouasetal.synthesizeLIC-lik eimages
in 2D with furlike textures33. Their techniqueis ableto lo-
cally control attributesof the output texture suchasorien-
tation, length,density, andcolor via a modelbasedon �la-
mentsresemblingfur.

Diffusion and UnsteadyDiffusion – PreußerandRumpf58

aswell asDiewald et al. 18 borrow a well known technique
from imageanalysisfor visualizationof �uid �o w. Thenon-
linear, anisotropicdiffusion equationsfrom imageanalysis
areadoptedandappliedto vector�elds. A noisytexturecov-
ering the domainis stronglysmoothedalongintegral lines
while still retainingand enhancingedgesin directionsor-
thogonalto the�o w, i.e., streamline-aligneddiffusion. Suc-
cessively coarsepatternsrepresentingthe vector �eld can
alsobegenerated.It is appliedto 2D, 2.5D,and3D vector
�elds 18� 58. In thecaseof 3D, theresultingenhancededges
arediscretizedandresemblestreamlinesor streamribbons.
In this case,occlusionbecomesan importantissuebecause
the3D resultsappearsomewhatcluttered.

Bürkle et al. extend this techniqueto the caseof time-
dependent�o w 6. Insteadof streamline-likepatterns,streak-
line patternsaregenerated.A blendingstrategy, comparable
to noiseor dyeinjection,is introducedin orderto providethe
new time-dependenttexturenecessaryfor thecaseof long-
term �o w evolution. They proposea solutionbasedon the
blendingof differentresultsfrom thetransportdiffusionevo-
lution startedat successively incrementedtimes. Again, the

disadvantageof this approachis therequiredcomputational
time. Also, noattemptis madeto applythismethodto time-
dependent3D �o w, a formidablechallenge.

Contrast Analysis – Sannaet al. 63 focuson the issueof
encodinganotherscalarvalueinto the textureusedto visu-
alizethe �o w, in additionto �o w direction,orientation,and
local magnitudeof the �eld. It is an extensionof a previ-
oustechniquecalledTOSL–ThickOrientedStreamlineAl-
gorithm 62. Areasof higherscalarvaluesarecharacterized
by highercontrastlevels in thetextureandstreamlinetones
aregeneratedin orderto highlight theseareas.The goal is
to allow anadditionalvariableinto thevisualizationbeyond
previoustechniques.

MRF – TaponeccoandAlexa applyMarkov RandomField
(MRF) texture synthesismethodsto vector �elds 72. The
resultsresembleamixtureof traditionaltexture-basedmeth-
ods and geometricmethods. In the resultingtexture, dis-
tinct streamlinepatternscanbeseen.Onedrawbackto this
methodis performance. MRF texture synthesismethods
mayrequirehoursof computationtime. How it maybeap-
plied to unsteady�o w is anopenquestion.

4. Comparisonsand Discussion

In this sectionwe brie�y introduceliteraturethatcompares
and discussesdense,texture-basedtechniquesat a meta-
level. Sannaet al. alsoprovide a summaryof this areaof
research,with a differentclassi�cation61. Themethodsare
classi�ed accordingto the dimensionalityoutlined herein
Section1.2.

Flow Textures– Erlebacheret al. 19 presenta classof �o w
visualizationalgorithmscalled �ow textureswithin a com-
monconceptualframework. Flow texturesaretexturesthat
encodedense,2D, time-dependentrepresentationsof �o w.
Theframework allows importantingredientsof �o w texture
algorithmsto beunderstoodwith respectto spatialandtem-
poralcorrelation.A subsetof themorerecentvisualization
techniquesis described.

UserStudies– Laidlaw etal. 35 presentoneof thefew �nd-
ingsrelatedto human-computerinteraction(HCI). They at-
temptto assesssomedifferentvisualizationtechniquesfrom
theviewpoint of theuserin termsof searchingfor andclas-
sifying critical pointsin the�o w andpredictingwhereapar-
ticle mayendafteradvection.Error washighestfor theLIC
techniquein conjunctionwith classifyingcritical pointsand
the predictionof particle advection. This is probablydue
to the fact that LIC imagesdo not distinguishbetweenup-
streamanddownstream�o w. Usererrorwashigherthanex-
pectedfor all methods.HedgehogtechniquesandLIC were
alsoassociatedwith high error for locatingcritical points.
The authorspostulatethat this wasbecausein many cases
critical pointsnearthebordersof thevector�eld weredif�-
cult to identify.
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5. Conclusionsand Futur eProspects

Texture-based�o w visualizationalgorithmsare effective,
versatile, and applicableto a wide spectrumof applica-
tions. A large numberof techniqueshave beendeveloped
andre�ned. In general,which techniquesarebestdepends
stronglyon thegoalof thevisualization,suchasfor explo-
ration,detailedanalysis,or presentationandon thekind of
datainvolved. Therefore,we believe thata largevarietyof
techniquesshouldbeavailablein orderto allow researchers
to choosethemostsuitableone.

The problemof dense,2D, unsteady�o w visualization
is close to being solved 79. And with recent follow-up
work 38� 80, unsteady�o w visualizationonsurfacesis not far
behind.However, thegeneralizationto 3D �o w �elds is still
unsolved,especiallyin thecaseof unsteady�o w. Hardware,
arguably, will not be the primary bottleneckto solving this
challenge,but perceptualissueswill. Perceiving threespa-
tial andthreedatadimensionsdirectly is a dif�cult job for
thehumaneye andbrain. So far, techniquesbasedon geo-
metricobjectsandparticleanimationgeneralizebetterto 3D
�elds.

The scaleof numerical �o w simulations,and thus the
size of the resultingdatasets,continuesto grow rapidly -
generallyfasterthanthesizeof computermemory. For these
reasonsmore simpli�cation strategies must be conceived,
suchasspatialselection(slicing, regionsof interest),geom-
etrysimpli�cation, andfeatureextraction.

Slicing in a 3D �eld reducestheproblemto 2D, allowing
useof good2D techniques,but caremustbe takenwith in-
terpretation,asthe lossof the third dimensionmay leadto
physicallyirrelevant resultsandwrong interpretation.Tak-
ing asingle3D timeslicefrom a3D time-dependentdataset
has similar dangers. Other spatial selectionssuch as 3D
region-of-interestselectionare lessrisky, but may lead to
loss of context. Reductionof datadimension,suchas re-
ducingvectorquantitiesto scalarswill give morefreedom
of choicein visualizationtechniques(suchasusingvolume
rendering),but will not lead to much datareduction. Ge-
ometrysimpli�cation techniquessuchaspolygonmeshdec-
imation, levels-of-detail,or multiresolutiontechniqueswill
beeffective in managingvery largedatasetsandinteractive
exploration,enablingusersto tradeaccuracy with response
time. Someareasthatneedadditionalwork are:

� densevisualizationtechniquesin 3D
� multi-�eld visualizationwith scalar, vector, and tensor

data,
� handling and exploring huge time-dependent �o w

datasets,
� userstudiesfor evaluation,validation,and�eld testingof

�o w visualizationtechniques,
� visualizationof inaccuracy anduncertainty42� 60,
� more robust featureextraction techniques,especiallyin

thecaseof 3D �o w.

We alsonotethatmuchof the researchliteraturepresented

heredemonstratesmethodsoperatingonstructured,uniform
resolutiongrids.However, thegridsusedin theprivate,com-
mercialindustrysectorareoftenadaptive resolutionandun-
structured,especiallyin thecaseof CFD 37� 38. Thusfurther
researchis necessaryin orderto integratemany of thethese
methodsinto practicalindustrialapplications.
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